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Type II Z4-codes are a remarkable class of self-dual Z4-codes.
A Type II Z4-code of length n exists if and only if n is divisible by
eight. For lengths up to 48, extremal Type II Z4-codes are known.
In this note, extremal Type II Z4-codes of lengths 56 and 64 are
constructed for the ﬁrst time.
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1. Introduction
Let Z4 (= {0,1,2,3}) denote the ring of integers modulo 4. A Z4-code C of length n is a Z4-
submodule of Zn4. Two codes are equivalent if one can be obtained from the other by permuting the
coordinates and (if necessary) changing the signs of certain coordinates. The dual code C⊥ of C is de-
ﬁned as C⊥ = {x ∈ Zn4 | x · y = 0 for all y ∈ C} where x · y = x1 y1 + · · · + xn yn for x = (x1, . . . , xn)
and y = (y1, . . . , yn). A code C is self-dual if C = C⊥ . The Euclidean weight of a codeword x is∑n
i=1 min{x2i , (4 − xi)2}. The minimum Euclidean weight dE (C) of C is the smallest Euclidean weight
among all nonzero codewords of C .
The notion of Type II Z4-codes was ﬁrst deﬁned in [1] as self-dual codes containing a (±1)-vector
and with the property that all Euclidean weights are divisible by eight. Then it was shown in [5]
that, more generally, the condition of containing a (±1)-vector is redundant. Therefore Type II codes
are self-dual codes which have the property that all Euclidean weights are divisible by eight. This
is a remarkable class of self-dual Z4-codes, one reason being that any Type II code gives an even
unimodular lattice. A Type II Z4-code of length n exists if and only if n ≡ 0 (mod 8) [1].
The concept of extremality for the Euclidean weights was introduced in [1]. It was shown in [1]
that the minimum Euclidean weight dE(C) of a Type II code C of length n is bounded by
dE(C) 8
⌊
n
24
⌋
+ 8.
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codes are extremal. At lengths 24,32 and 40, a large number of extremal Type II codes are known
(cf. [7]). At length 48, only two inequivalent extremal Type II codes are known [6]. For lengths n 56,
no extremal Type II code is known.
The aim of this note is to establish the following theorem.
Theorem 1. There is an extremal Type II Z4-code for lengths 56 and 64.
Thus the existence of extremal Type II Z4-codes is known for lengths up to 64. It is a question to
determine whether an extremal Type II Z4-code exists for length 72. We remark that the existence of
a binary extremal Type II (doubly even self-dual) code of length 72 and a 72-dimensional extremal
Type II (even unimodular) lattice is a long-standing open question.
2. Construction
Every Z4-code C of length n has two binary codes C (1) and C (2) associated with C :
C (1) = {c (mod 2) ∣∣ c ∈ C} and C (2) = {c ∈ Fn2 ∣∣ 2c ∈ C}.
The binary codes C (1) and C (2) are called the residue and torsion codes of C , respectively. If C is
a self-dual Z4-code then C (1) is a binary doubly even code with C (2) = C (1)⊥ [4]. Moreover, if C is
Type II then C (1) contains the all-ones vector, or equivalently, C (2) is even.
In this note, we employ the following method of construction of Type II Z4-codes, which was
given in [8]. Suppose that n is divisible by eight. Let C1 be a binary doubly even [n,k] code containing
the all-ones vector. Without loss of generality, we may assume that C1 has generator matrix of the
following form:
G1 = ( A I˜k ) , (1)
where A is a k × (n − k) matrix which has the property that the ﬁrst row is the all-ones vector,
I˜k =
⎛
⎜⎜⎝
1 · · · 1
0
... Ik−1
0
⎞
⎟⎟⎠ ,
and Ik−1 denotes the identity matrix of order (k − 1). This means that the ﬁrst row of G1 is the
all-ones vector. Since C1 is self-orthogonal, the matrix G1 can be extended to a generator matrix of
C⊥1 as follows:(
G1
D
)
.
Then there are 21+k(k−1)/2 k × k (1,0)-matrices B such that the following matrices(
A I˜k + 2B
2D
)
(2)
are generator matrices of Type II Z4-codes C , where we regard the matrices as matrices over Z4 [8].
In this case, of course, C1 is the residue code of C . For each Type II code C , there is a Type II code
containing the all-ones vector, which is equivalent to C . Hence, without loss of generality, we may
assume that the ﬁrst row of B is the zero vector.
We investigate the residue and torsion codes of extremal Type II Z4-codes.
Lemma 2. Let C be an extremal Type II Z4-code of length n. Then the torsion code C (2) has minimum weight
d 2[n/24] + 2.
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minimum weight d dE (C)/4. 
Lemma 3. Let C be an extremal Type II Z4-code of length 56 (resp. 64). Then the dimension of the residue code
C (1) is at least 12 (resp. 13).
Proof. By the above lemma, the torsion codes of extremal Type II Z4-codes of lengths 56 and 64
have minimum weight d  6. If a binary [56,k,6] code exists then k  44 and if a binary [64,k,6]
code exists then k 51 (cf. [3]). Hence the dimensions of the torsion codes C (2) (= C (1)⊥) of extremal
Type II Z4-codes of lengths 56 and 64 must be at most 44 and 51, respectively. 
We describe how extremal Type II Z4-codes of lengths n = 56 and 64 were constructed. We ﬁrst
constructed a binary doubly even [n,n/4,20] code Bn which has the property that Bn contains the
all-ones vector and B⊥n has minimum weight at least 6. The latter condition is necessary by Lemma 2.
These codes B56 and B64 were constructed by considering quasi-cyclic codes. The codes Bn (n =
56,64) have generator matrices of the following form:
⎛
⎜⎝
1 · · · 1 1 · · · 1 1 · · · 1
R1 R2 R3 I˜n/4
⎞
⎟⎠ , (3)
where Ri are (
n
4 − 1) × n4 circulant matrices (i = 1,2,3). For the codes B56 and B64, the ﬁrst rows ri
of Ri (i = 1,2,3) in (3) are as follows:
r1 = (00100110001100), r2 = (10010010001100), r3 = (10101110011110),
r1 = (1011110000101011), r2 = (0011010010110001), r3 = (0101011011111110),
respectively. These codes B56 and B64 have weight enumerators
1+ 756y20 + 4095y24 + 6680y28 + · · · + y56 and
1+ 240y20 + 3600y24 + 16144y28 + 25566y32 + · · · + y64,
respectively.
As described above, starting from generator matrices (3) of the binary doubly even codes B56
and B64, there are 21+k(k−1)/2 (k = 14 and 16) Type II Z4-codes with generator matrices of the
form (2), respectively. These codes can be constructed by choosing suitable matrices B in (2). By
a random search, we have found matrices B such that the matrices (2) generate extremal Type II
Z4-codes C56 and C64 of lengths 56 and 64. A generator matrix of C56 (resp. C64) is listed in Fig. 1
(resp. Fig. 2) where we only list the 14 × 56 (resp. 16 × 64) matrix ( A I˜k + 2B ) in (2) since the
lower part in (2) can be obtained from the matrix.
Let C be a Type II Z4-code and let A4(C) be the lattice obtained from C by Construction A (cf. [1]).
Then A4(C) is an even unimodular lattice. Moreover, C is an extremal Type II Z4-code of length 56
(resp. 64) if and only if A4(C) has minimum norm 4 and kissing number 112 (resp. 128). By checking
this using Magma [2], the extremality of the new codes C56 and C64 was veriﬁed. We veriﬁed by
Magma that both codes C56 and C64 have minimum Lee weight 12 (see [1] for the deﬁnition of the
minimum Lee weight).
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⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
111111111111111111111111111111111111111111 11111111111111
001001100011001001001000110010101110011110 03022022020220
000100110001100100100100011001010111001111 20322200000200
000010011000110010010010001110101011100111 00232020002020
100001001100011001001001000111010101110011 02023202200022
110000100110001100100100100011101010111001 22222320200202
011000010011000110010010010011110101011100 00222232000000
001100001001100011001001001001111010101110 00222223000000
000110000100110001100100100100111101010111 20220220300000
100011000010011000110010010010011110101011 20022202030000
110001100001000100011001001011001111010101 02222220203000
011000110000100010001100100111100111101010 20020022020300
001100011000011001000110010001110011110101 22200022202030
100110001100000100100011001010111001111010 22020002220203
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Fig. 1. An extremal Type II Z4-code of length 56.
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
111111111111111111111111111111111111111111111111 1111111111111111
101111000010101100110100101100010101011011111110 2320002002202020
110111100001010110011010010110000010101101111111 0030200202222002
111011110000101001001101001011001001010110111111 2023020200020000
011101111000010100100110100101101100101011011111 2022302022220200
101110111100001000010011010010111110010101101111 0202230202200020
010111011110000110001001101001011111001010110111 0220223000202222
101011101111000011000100110100101111100101011011 2220022300000000
010101110111100001100010011010011111110010101101 0220000230000000
001010111011110010110001001101001111111001010110 2202200023000000
000101011101111001011000100110100111111100101011 2022020002300000
000010101110111100101100010011011011111110010101 0202020200230000
100001010111011110010110001001101101111111001010 0202020020023000
110000101011101101001011000100110110111111100101 0202000202002300
111000010101110110100101100010011011011111110010 2220202220200230
111100001010111011010010110001000101101111111001 0022020022020023
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Fig. 2. An extremal Type II Z4-code of length 64.
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